We study the dynamics of a laser oscillating on L optical transitions connecting a common upper level and L lower sublevels. Each transition is single mode. The minimal generalization of the rate equations to explain the experimental observations includes the low-frequency coherence dynamics ͓Europhys. Lett. 45, 307 ͑1999͔͒. These equations are studied analytically. We prove that such a laser has a low intensity self-pulsing threshold corresponding to the destabilization of the lowest of the relaxation oscillation frequencies. It also displays antiphased dynamics in the time-periodic regime, resulting in a vanishingly small oscillation amplitude of the total intensity while modal intensities have finite amplitude oscillations. The physical origin of this behavior is found to be the enhancement of stimulated absorption by quantum interference.
I. INTRODUCTION
Much attention has been devoted in the last decade to atomic interference as a mechanism mediating light-matter interaction ͓1-5͔. This resulted from a shift of emphasis from the two-level atomic system to a three-level atomic system with at least two fields or lasing cavity modes in a ⌳ or V scheme. Both founding papers ͓6,7͔ exploited atomic interference to prove that there is a domain in which gain and even lasing could be achieved without population inversion, as clearly explained in Ref. ͓8͔ . Starting from these premises, the work that followed focused on inversionless atomic systems, adding atomic levels and/or driving and probe fields to the original models.
In this paper, we consider another situation connected to the same family of processes: atomic interference in a laser with population inversion. Experimental results have been reported recently on the lasing properties of the LiNdP 4 O 12 ͑LNP for short͒ crystal in the form of a microchip. First, it has been shown numerically and experimentally that this laser displays an unusual input-output diagram with a change in the characteristic slope ͑the quadratic-to-quartic, or Q2Q, transition͒ ͓9͔ followed by a self-pulsing instability ͓10͔. It was also found that above the Q2Q transition, the number of lasing modes decreases and the laser eventually becomes single mode for high pumping rates ͑typically seven times above threshold͒ ͓11͔. Spectroscopic data indicate that these multimode regimes are generated by transitions in which a single 4 F 3/2 upper level decays via stimulated emission into L levels of the 4 I 11/2 manifold, each transition being in general single mode. Thus, the two-mode regime is associated with the usual ⌳ scheme. The regimes with more than two branches emanating from the upper level will be referred to as n-⌳ schemes. The dynamics of an LNP laser operating in this multimode regime is by no means simple. First, it has been shown experimentally and numerically that there is a self-pulsing threshold corresponding to the instability of a low-frequency relaxation oscillation. This indicates that the usual rate equations are inadequate to describe this regime since they predict the complete absence of instability. Second, the self-pulsing regime is characterized by a strong manifestation of antiphased dynamics resulting in a total intensity which is practically constant despite large amplitude oscillations of the modal intensities. In a recent publication ͓10͔, the modelization of this laser has been discussed for three-mode operation. Based on numerical evidence, it appears that a sufficient description is obtained if the optical coherences are adiabatically eliminated while retaining the low-frequency coherence among the sublevels of the 4 I 11/2 manifold, in addition to the modal intensities and the atomic population dynamics. A further simplification derives from the fact that the LNP is practically fully inverted. Starting with these conclusions, this paper presents a theoretical study of the n-⌳ scheme that is applicable to the LNP microchip laser.
This paper is organized as follows: In Sec. II, we introduce the n-⌳ model. In Sec. III, we analyze the steady states whose stability is analyzed in Sec. IV. These results hold for an arbitrary number of atomic transitions. They are particularized to the two-mode situation in Sec. V where an explicit analysis of the self-pulsing threshold is performed. We conclude in Sec. VI.
II. THE MODEL
The medium we consider has an upper level which is connected to a set of L closely spaced lower levels via optical transitions. The upper level is labeled ͉L͘ while the lowest levels are labeled ͉ j͘ with jϭ0,1, . . . ,LϪ1, as shown in Fig. 1 . As a convention, lower case indices will be used to designate lower levels.
We make the following simplifying assumptions. First, there is a cavity eigenmode which is resonant with each optical transition L→ j. Second, we assume that the lowfrequency coherences jk decay on a much slower time scale than the optical coherences kL . Therefore, we adiabatically eliminate the optical coherences but keep the i j as active dynamical variables. This is suggested by the recent experimental results ͓10͔ and spectroscopic data ͓12͔, though a complete set of data is not available for the Nd transitions involved in the experiment reported in Ref. ͓10͔. Last, due to fast nonradiative decaying processes, the low levels remain almost unpopulated so that the difference LL Ϫ kk remains practically equal to LL , which is an excellent approxima-tion in the case of the 4 I 11/2 manifold of neodymium pumped by an intense diode laser ͓11͔. This means that we do not consider the mechanism of lasing without population inversion. In the experimental setup, the laser is end-pumped by a diode laser. In contrast with Ref. ͓11͔, we do not attempt to discuss the influence of the penetration depth of the pump beam. Rather, we concentrate on the role of the lowfrequency coherence.
Let us write the electric field in the Fabry-Perot cavity as
where l is the atomic frequency between levels ͉L͘ and ͉l͘, and q l is the associated wave number. The relaxation rates of lm , lL , LL , and E l are noted ␥ lm , ␥ Ќl , ␥ ʈ , and k/2, respectively. We assume the following inequalities among atomic decay rates:
It is assumed that the low-frequency coherence has a decay rate which is intermediate between the optical coherence and the population inversion decay rates. Thus, the optical coherence has the largest decay rate, while the population inversion has the lowest decay rate. In the slowly varying envelope and rotating wave approximations, the Maxwell-Bloch equations are 
The motivation for this scaling will appear in the stability analysis. As suggested by the decay rate inequalities ͑2͒, we shall eliminate adiabatically the high-frequency coherences lL . We then introduce the scaling
to deal with dimensionless variables. The population inversion lifetime is the time unit. In these units the inverse photon lifetime is . Next, we expand the matter variables in Fourier series and retain only the coefficients appearing in the right-hand side of the field amplitude equations:
This is equivalent to the rate equation approximation ͓13,14͔. After derivation of the evolution equations for the lowfrequency atomic coherences, the following property appears:
It follows that the sum s lm (Ϫ) ϩs lm (ϩ) vanishes in the long-time limit if it is initially nonzero. Therefore we set it equal to zero and define S lm ϭs lm (Ϫ) Ϫs lm (ϩ) . The resulting space profile for the atomic coherence between levels ͉l͘ and ͉m͘ thus assumes the form:
The final set of equations is
͑12͒
The parameter G l ϭ l ͉ lL ͉ 2 /͉͉ 2 measures the relative strength between the atomic radiative transitions.
Let us now consider the phases dynamics. Introducing the amplitude and phase decomposition E l ϭ͉E l ͉exp(i l ), S lm ϭ͉S lm ͉exp(i lm ) we have, in the limit ␥ lm ӷ1,
The equation for lm indicates that it evolves rapidly until l Ϫ m Ϫ lm is a multiple of 2. Then all the phases become and remain locked, so that the dynamics of the amplitudes becomes phase independent. This point is supported by numerical simulations of the complete evolution equations in the two-mode case. In the next sections we will therefore restrict our attention to the amplitude dynamics and consider E l and S lm as real. Thus, S lm ϭS ml and the number of dynamical variables is 1ϩL(Lϩ3)/2.
The variables ͕S lm ͖ account for the following physical effect. For given l and m, the scaled coherence s lm (x) is mainly the result of two-photon processes involving E l and E m . Therefore, we expect s lm (x) to be fairly localized inside the cavity at points x* where sin 2 (q l x*) and sin 2 (q m x*) are both maximum. Let us examine the situation sin(q l x*)Ӎ1 and sin(q m x*)Ӎ1. At that point, s lm (x*) is given by S lm exp(i lm ). Assuming that the other cavity modes do not contribute significantly at xϭx*, the electric field E(x*) is proportional to E l exp(i l tϩ l )ϩE m exp(i m tϩ m )ϩc.c. The interaction between atoms located in the vicinity of x* and this bichromatic field is strongly affected by quantum interference. Indeed, we first note that the state ͉x*͘ of these atoms is Neglecting fast oscillating contributions, the transition probability from this state to the upper state ͉L͘ induced by the electric field is, for short times,
where the matrix elements Ll and Lm are absorbed in the scaling relations ͑7͒. Since the phases lock to l Ϫ m Ϫ lm ϭ2, the last term in Eq. ͑13͒ yields a maximum constructive interference and the absorption is enhanced by the coherence S lm . In this way, it is clear that the low-frequency coherences ͕S lm ͖ induce nonlinear absorptions of a purely quantum nature. Without the low-frequency coherence, the studied set of equations is reduced to the Tang, Statz, and deMars ͑TSD͒ equations for a multimode laser ͓13͔. The differences between the TSD equations and the rate equations ͑9͒-͑12͒ is of order 1/ except for the equations governing the time evolution of the low-frequency coherences. Consequently, the analytical results proving the occurrence of antiphase dynamics close to steady state in the TSD model and its generalizations ͓15,16͔ are readily applicable to the present equations. This will also appear in the linear stability analysis in Sec. IV. The linear stability analysis will also prove that, unlike the intensities I l , the coherences S lm can be eliminated adiabatically without affecting the principal features of the model. A characteristic of lasers to which the TSD equations are applicable is that the parameter varies typically between 10 4 and 10 6 . We shall exploit this fact throughout the remainder of this paper.
III. STEADY STATES
In this section, we derive the steady-state solutions and compute their linear stability in the limit →ϱ. Steady states are noted with an overbar. We classify the steady-state solutions according to the number of lasing modes. To clarify the discussion, we introduce two sets of indices: Pϭ͕p͉Ē p ϭ0͖ and Qϭ͕q͉Ē q 0͖. The number of lasing modes will be noted N Q .
We know from the phase dynamics analysis that we can treat E l and S lm as real. As already pointed out in the previous section, the evolution equations Eqs. ͑9͒-͑12͒ may be viewed as a TSD system perturbed with O( Ϫ1 ) terms. In steady state, this perturbation is regular, which implies that we can expand the stationary solutions in power of Ϫ1 . The dominant part will be identical to the stationary solution of the TSD equations except, of course, for the coherences which is a new feature. However, due to the singular dependence on in the time-dependent equations, subsequent asymptotic developments will include half-integer powers of Ϫ1 and therefore we define a small parameter by ␦ ϭ Ϫ1/2
. Another point is that it is much simpler for the algebraic manipulations to parametrize the steady-state solutions in terms of N rather than w. Eliminating the N j between Eqs. ͑9͒ and ͑10͒ yields
The correspondence between w and N provided by Eq. ͑14͒ is unique once the physical constraint Ē l 2 (N )у0 is imposed. 
.
͑15͒
The correction ␦ 2 N q,2 will be necessary in the linear stability analysis. Equation ͑15͒ indicates that w is a monotonically increasing function of N .
IV. LINEAR STABILITY ANALYSIS
To determine the linear stability of the steady-state solutions, we seek solutions of the form ZϭZ ϩz, zӶ1, where ZϭE l , N, N l , or S lm and linearize Eqs. ͑9͒-͑12͒ with respect to the deviations z. This leads to a linear system of the form dx/dϭA(␦)x, where A(␦)ϭ␦ Ϫ2 A Ϫ2 ϩA 0 ϩ␦ 2 A 2 ϩ . . . . To obtain the spectrum of A(␦), we solve perturbatively the eigenvalue/eigenvector problem xϭAx,
). There are L(LϪ1)/2ϩLϪN Q real roots with an O(␦ Ϫ2 ) dominant term, 2N Q complex roots with Im()ϭO(␦ Ϫ1 ) and Re()ϭO(1). The remaining LϪN Q ϩ1 roots are real, negative, and of order unity. Among the complex eigenvalues of the system, at least one pair may cross the imaginary axes and acquire a positive real part as the pump parameter is increased, all other roots having negative real parts. This loss of stability via a Hopf bifurcation is directly connected to the atomic coherence dynamics since it does not exist in the TSD equations. There is a condition of existence for such instabilities which involves the ratios ␥Ј of the lowfrequency coherence lifetimes to the photon lifetime. The result is that the coherence variables must evolve on a sufficiently slow time scale compared with the intensities to destabilize the dynamics of the system.
A. O"␦

À2
… eigenvalues
If Ϫ2 0 then the leading order in ␦ yields the following eigenvalues:
Each of the L(LϪ1)/2 eigenvalue Ϫ2,lm is negative. The structure of the corresponding eigenvectors shows that the fluctuations associated to Ϫ2,lm affect S lm only and are decoupled from the rest of the system. Hence, any small departure of S lm from its steady-state value 2E l E m (G l ϩG m ϪN) is rapidly damped out. This is a necessary condition for the adiabatic elimination of the S lm . However, we shall see in the following that instabilities may occur and we have to verify that the elimination of the S lm does not affect significantly these instabilities to justify the adiabatic elimination procedure.
The LϪN Q eigenvalues Ϫ2,p determine lasing thresholds. They become positive at a finite pump intensity only if
Thus, a first condition of stability is wϽw th ϵw͑N th ͒,
͑16͒
If wϭw th the nonlasing mode with the largest gain G p starts to oscillate.
B. O"␦
À1
… eigenvalues
We now seek the eigenvalues for which Ϫ2 ϭ0 and Ϫ1 0. It follows from the resolution of the leading order problem that, while e q (0) 0, we have n (0) ϭn q (0) ϭ0. Consequently, the fluctuations n,n q of the population inversion are one order of magnitude smaller than those of the field amplitude e q . To proceed further, we simplify the algebra by assuming that the lasing modes ͑and only they͒ have identical gain: G q ϭ1. In that case, we note Ē q ϭͱI and S q,q Ј ϭS.
A first pair of eigenvalues is
The real part of these eigenvalues is only O(1) and given by 0,R ϭ Ϫ1
which is always negative. The corresponding eigenvectors have the property (e q (0) ,n q (1) )ϭ(e q Ј (0) ,n q Ј (1) )᭙q,qЈ. Consequently, this pair of complex conjugated eigenvalues signals the presence of damped in-phased oscillations in the system. In addition, there are N Q Ϫ1 complex conjugate pairs of eigenvalues of the form
Here again, their real part is O(1). They are obtained by solving the linear homogeneous system of N Q equations:
We may directly conclude from Eq. ͑18͒ that no oscillation at frequency ⍀ L appears in the power spectrum of the total intensity. This is a signature of antiphase dynamics. Nontrivial solutions e q (0) exist only if the determinant of the coefficients vanishes, which leads to a polynomial of order N Q Ϫ1 for 0,L . To analyze the sign of 0,L we assume that all the coherences decay with the same relaxation constant:
and there is a degenerate Hopf bifurcation if 0,L ϭ0. This occurs at a finite pump intensity if
This condition of existence rests only on the relative magnitudes of the coherence and photon lifetimes, though N Q depends of course implicitly on the pump parameter. In other words, the bifurcation exists only if the coherence variables vary sufficiently slowly in time. The Hopf bifurcation is located at
This equation depends on the photon and coherence lifetimes k and ␥ lm only through the ratio ␥ϭ␥ lm /k. Therefore, the elimination of the S lm that follows from ␥ lm ӷ1 does not influence the properties of the Hopf bifurcation since ␥ ϭO(1). If wϭw H , oscillations at frequency ⍀ L are not damped anymore and the laser enters a time-dependant periodic regime. In Hz, the frequency of these undamped oscillations is given by L ϭ(k␥ ʈ ) 1/2 ⍀ L (Hz). For a microchip LNP laser with a cavity length of 1 mm and mirror reflectivities R 1 ϭR 2 ϭ99%, k is estimated to be 3.10 9 s Ϫ1 while a typical order of magnitude for ␥ ʈ is 10 3 s Ϫ1 ͓12͔. This places the relaxation frequency in the MHz range.
C. O"␦
0
… eigenvalues
We now impose Ϫ2 ϭ0 and Ϫ1 ϭ0. In the limit of equal gains, the problem to dominant order yields a first eigenvalue
It is always negative because IϾ0 and 1ϽN ϽN Q /(N Q Ϫ1/2). In addition, there is a (LϪN Q ) times degenerate eigenvalue 0,2 ϭϪ͑1ϩN Q I ͒ which is always negative.
V. APPLICATION TO A TWO-MODE LASER
We define the notation G 0 ϭ1, G 1 ϭGϽ1, and ␥ 01 ϭ␥. As the pump power is increased from zero, the laser undergoes two steady-state bifurcations: at wϭ1 the first mode begins to oscillate and at wϭG Ϫ1 the second mode sets in. Beyond the second lasing threshold, the linearized problem presents a real O(␦ Ϫ2 ) eigenvalue ␥ , two pairs of complex conjugated O(␦ Ϫ1 ) eigenvalues ϮL and ϮR , and a real O(1) eigenvalue 0 . Moreover, for G close to unity, and ␥ Ͻ1/3, there is a Hopf bifurcation with frequency Im( L ) ϭ␦ Ϫ1 ⍀ L at the pump power w H given by
In order to assess the stability of the emerging periodic solution, we construct it near the bifurcation point by using the method of multiple time scales ͓17͔. To this end, we first introduce a small parameter such that wϪw H ϭ 2 w 2 with w 2 ϭϮ1. We then define two time variables, T ϭ␦ Ϫ1 ⍀ L , ϭ 2 T and treat them as independent by using the chain
Next, the evolution equations are rewritten in terms of deviations relative to steady state, that are function of both T and . Using the standard developments, it is an easy matter to prove that the periodic solution is supercritical and stable close to the Hopf bifurcation.
There are two indications that the development around the Hopf bifurcation is singular with respect to ␦ ͑and therefore to ). First, we lose all the information on the oscillation amplitude ͑and on the solution stability͒ if we set ␦ϭ0. Second, the 2 contribution to the oscillation amplitude diverges like 1/␦. Consequently, the standard perturbation scheme is valid only very close to the bifurcation point: Ӷ␦. Although the stability of the periodic solution is demonstrated in the vicinity of the bifurcation, the range of applicability of this result is severely restricted.
The present analysis is illustrated in Figs. 2-4. In Fig. 2 , we plot the modal and total intensities in the two-mode regime slightly above the self-pulsing threshold. Antiphase dynamics is manifest from the fact that the oscillation amplitude of the total intensity is much smaller than the oscillation amplitude of the modal intensities, in good agreement with the experimental time traces reported in Ref. ͓10͔. In Fig. 3 , we display the time dependence of the two-mode solution well above the self-pulsing threshold. The modal intensities remain periodic but with a more complicated temporal evolution. The resulting total intensity is smoother, which is a recollection of antiphase dynamics far from the Hopf bifurcation. This tends to indicate that the numerically observed solution belongs to the branch of periodic solutions described above. Finally, Fig. 4 is an example of a three-mode regime in which the modal intensities develop a pulselike structure. The maximums of the modal intensities occur sequentially in much the same way as in the two-mode case.
VI. DISCUSSION
A number of conclusions can now be drawn regarding the effect of low-frequency atomic coherence on laser dynamics if ␥ ʈ Ӷ␥ lm ϭO(k)Ӷ␥ Ќ and if population differences can be approximated by the population in the highest level. The steady-state field and population variables are only slightly perturbed by the low-frequency coherence. The corrections are O(␥ ʈ /␥ lm ) compared with the TSD results. The simultaneous oscillation on different atomic transitions creates a coherence between the lower levels via a parametric interaction. After a time of the order of 1/␥ lm , the amplitude and phase of the low-frequency coherence S lm reach its adiabatic state. The linear stability analysis indicates that it is valid to eliminate the ͕S lm ͖ adiabatically. Moreover, the O(␥ ʈ /␥ lm ) terms in the right-hand sides of the equations for the population have a negligible influence on the stability properties of the steady states. Therefore, the rate equations can be reduced to
It was clearly established that the coherence between the lowest atomic levels enhances the absorption via quantum interference. rate of the photons from the cavity is large compared to the buildup rate of the population inversion (k/␥ ʈ ϭ␦ Ϫ2 ӷ1). This feature is apparent in the linear stability analysis, which reveals relaxation frequencies of the order of ͱk␥ ʈ (Hz), i.e., large compared to the damping rate of order ␥ ʈ , while intensity fluctuations are about ͱk/␥ ʈ times larger than population fluctuations. Therefore, in the class of lasers we are considering, the stabilizing effect of stimulated emission is poorly effective. In the presence of low-frequency coherence it can even be suppressed by the enhancement of stimulated absorption. The balance between the two effects is the origin of the instability condition 0,L ϭ0 in Eq. ͑19͒. A condition of the form ␥ lm ϭ␥ lm /kϽ␥ max for the existence of a selfpulsing regime has been obtained. Otherwise, we see from Eq. ͑7͒ that the low-frequency coherence can never reach a sufficient level to affect significantly the absorption of the atoms. If the low-frequency coherences vanish, the evolution equations ͑3͒-͑6͒ are the usual TSD rate equations whose steady state is stable above the lasing threshold ͓13͔. This again indicates that the low-frequency coherence is the source of the self-pulsing instability. Finally, the atomic coherence influences the amplification of the lasing modes only and therefore does not modify the lasing thresholds given by Eq. ͑16͒. In the particular case of a two-mode regime, we were able to construct the periodic solution in the neighborhood of the Hopf bifurcation and found that it is stable. However, the singular nature of the problem for kӷ␥ ʈ drastically limits the range of pump parameter w where this analysis holds.
The closest experimental realization of this model is the microchip LNP laser studied by Otsuka et al. ͓10͔ . The cavity dimension (L c Ӎ1 mm) yields a particularly large value of k and realizes the important condition ␥ lm ϭO(k). In these experiments, the laser oscillates simultaneously on up to three transitions and the important hypothesis of neglecting lower energy level populations is fully justified. The central role played by atomic coherence was confirmed experimentally by comparing the multimode regime on multiple and on single transitions. Self-pulsing behavior was observed in the former case, whereas cw operation only was obtained in the latter case. Moreover, the experimental self-pulsing regime displayed antiphase dynamics as described in this theoretical work.
A completely different set of approximations for a similar energy-level scheme was analyzed by Hong Fu and Haken ͓18͔ in an attempt to model some dye lasers. In their model simultaneous oscillation on different transitions was not allowed. Furthermore, they considered the opposite limit in which the low-frequency coherences were adiabatically eliminated while retaining the optical coherences. This set of approximations cannot be applied to the microchip LNP laser.
